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1 Introduction 

In (1969), Mcir and Kceler [4] introduced a new fixed point theorem as a generalization of Banach 
fixed point theorem. On the other hand, in (1987), mixed monotone operators were introduced by 
Guo and Lakshmikantham [1]. Then many authors studied them in Banaeh spaces and obtained 
lots of interesting results (see [2, 3] and [5]-[9]). 

In this paper, weak and strong mixed monotone single- valued and multi-valued operator of Meir- 
Keeler type are defined. Then two fixed point theorems for this kind of operators are proved. 
These results extend the results given by Zhang [7]. 

Let i5 be a real Banach space. The zero element of E is denoted by 0. A subset P of is 
called a cone if and only if: 

• P is closed, nonempty and P ^ {^^}, 

• a, 6 G R, a, > and x,y £ P imply that ax + by E P, 

• X £ P and —X G P imply that x ~ 6. 

Given a cone P C E, a partial ordering < with respect to P is defined by a; < y if and only if 
y — X E P. We write a; < y to indicate that x < y but x ^ y, while x y stand for y ~ x £ intP, 
where intP denotes the interior of P. The cone P is called normal if there exist a number K > 
such that 9 < X < y implies ||x|| < for every x,y £ E. The least positive number satisfying 

this, is called the normal constant of P. 

Assume wq, wo ^ E and uq <vq. The set {x £ E : uq < x < vq} is denoted by [uq, vq]. 
Now, we recall the following definitions from [2, 3]. 

Definition 1.1. Let P he a cone of a real Banach space E. Suppose D d P and a £ (— cxd, +oo). 
An operator A : D ^ D is said to be a-convex (a-concave), if it satisfies A{tx) < t"Ax {A{tx) > 
f^Ax) for {t,x) £ (0,1) X D. 

Definition 1.2. Let E be an ordered Banach space and D £ E. An operator is called mixed 
monotone on D x D, if A : D x D ^ E and A{xi, yi) < A{x2, j/2) for any xi,X2-,yi,y2 S D, where 
Xi < X2 and y2 >yi- Also, x* £ D is called a fixed point of A, if A{x* ,x*) — x* . 

Let C{E) be the collection of all closed subsets of E. 

Definition 1.3. For two subsets X,Y of E, we write 
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' X < Y , if for all x & X, there exists y (zY such that x < y. 

• X > Y , if for all x G X, there exists y £Y such that x > y. 

• X <^ X , if there exists z Cz X, such that x <^ z, 

• X <^x, if for all z ^ X , z ^ x. 

Definition 1.4. Let D he a nonempty subset of E. T : D ^ C{E) is called, increasing (decreasing) 
upward, if u,v € D, u < v and x G T{u) imply there exists y S T{v) such that x < y {x > y). 
Similarly, T : D ^ C{E) is called increasing (decreasing) downward, if u,v Cz D, u < v and 
y (z T{v) imply there exists x € T(u) such that x <y (x > y). T is called increasing (decreasing), 
if T is an increasing (decreasing) upward and downward. 

Definition 1.5. Let D be a nonempty subset of E. A multi-valued operator T : D x D ^ C{E) is 
said to be mixed monotone upward, if T(x, y) is increasing upward in x and decreasing upward in 
y, i.e., 

(Ai) for each y G D and any Xi,X2 G D with xi < X2, if Ui G T{xi,y) then there exists a 
U2 G T{x2, y) such that ui < U2; 

{A2) for each x £ D and any yi,y2 G L) with yi < y2, if vi G T{x,yi) then there exists a 
V2 G T{x,y2) such that vi > V2. 

Definition 1.6. x* e D is called a fixed point of T if x* G T{x*,x*). 

2 Main results 

In this section, we introduce two new fixed point theorems in the class of mixed monotone operators. 
These are new generalizations of the results given by Zhang [7]. Due to this, two definitions are 
presented as follows: 

Definition 2.1. A mixed monotone operator A : D x D ^ E is said to be a 'Weak Mixed 
Monotone single-valued operator of M.eir-K.eeler typefWMsK property, for short), if for each 
and t G (0, 1), there exists 5 3> such that 



e < A(x, ty) < e + 5 implies A{tx, y) < e. 



(2.1) 
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for all {x, y) e D X D. 

Definition 2.2. A mixed monotone operator A : D x D ^ E is said to be a Strong Mixed 
Monotone single-valued operator ofWleir-'K.eeler ij/pei'SMsK property, for short), if for each e ^ 
and t G (0, 1), there exists such that 

e < A{x,tx) < € + 5 implies A{tx,x)<e, (2.2) 

for all X E D. 

Theorem 2.3. Let P be a normal cone of E, S be a completely ordered closed subset of E with 
Sq ~ S\{d} C intP and XS C S, for all A G [0, 1]. Let wo,wo G Sq, A : P x P ^ E be a weak 
mixed monotone operator of Meir-Keeler type with A{{[0,vo] Ci S) x {[0,vo] n S)) C S and satisfies 
the following conitions: 

(/) there exists ro > such that uq > rgvo, 

(LI) A{uo, Wo) < uo < Wo < M^o, uq), 

(ILI) for u,v E [uo,vq\ n S with A{u,v) <^ u v, there exists u' G S such that u < A(u',v) <C 
u' ^ v; similarly, for u,v E [uq, vq] fl S with u <§i v A(v, u), there exists v' E S such hat 
M < w' < A{v' ,u) < V. 

Then, A has at least one fixed point x* E [uq, vq] H S . 

Proof. By the above condition (ILI), tliere exists ui E S sucli tliat uq < A{ui,vo) <i; wi <C vq. 
Then, there exists vi E S such that ui <^ vi <^ A{vi, ui) < vq. Likewise, there exists U2 E S such 
that Til < A{u2,vi) ^ 7/2 "C vi. Then, there exists V2 E S such that U2 <^ W2 <^ ^(^2,^2) < vi. 
In general, there exists Un E S such that < A(7i„,w„_i) <i; ii„ <C Vn~i- Then, there exists 

Vn E S such that m„ ^ w„ <C A(t;„, it„) < w,i_i (n = 1, 2, ■ • • ). 

Take r„ = sup{r G (0,1) : u„ > rvn}, thus < ro < ri < ■ • • < r„ < r„+i < •■• < 1, and 
lim r„ = sup{r„ : n = 0, 1, 2, • • • } = r* G (0, 1]. Since r„_|_i > ?■„ = sup{r G (0, 1) : w„ > rw„}, 

n— >oo 

thus u„ ^ r„+iw„. In addition, S is completely ordered and XS C S, for all A G [0,1], then 
Un < Vn+iVn- Now, One can prove r* = 1. Otherwise, r* E (0, 1). Note that 

Un < A{Un+l,Vn+l) < A( (1/r* )w„+i , r* w„+i ) . (2.3) 



5 



Since u„ < r„+iw„ and r„+i < r*, hence, m„ < r*u„. So, if 

e = r„A((l/r*)u„+i,r*u„+i), (2.4) 

there exists (5^0 such that 

e < ^((l/r*)u„+i, r*w„+i) < r„A((l/r*)M„+i, r*z;„+i) + (5 = e + (5. (2.5) 
Therefore, by (2.1), (2.5) and u„ < r*w„, we have 

U„ < A{Un+l,Vn+l) 

= A(r*(l/r*)w„+i, v„+i) 

< e 

(2.6) 

= r„A((l/r*)w„+i,r*w„+i) 

< r„^(u„+i,M„+i) 
< 

Hence, m„ < r„w„, which is a contradiction. Thus, r* ~ I and 

Ikn -Un\\< K{1 - r„)|K;„|| < K^{1 - r„)|K'o||. (2.7) 
This means that, hm u„ = hm d„. 

?i— >-oo n— foo 

For ah n,p > 1, 

\\Vn - Vn+p\\ < K\\Vn - Un\\ ^ (n,p^Oo). (2.8) 

Also, 

\\un+p - u„\\ < K\\vn - Un\\ ^ (n,p^oo). (2.9) 

Hence, {w„} and {wn} are Cauchy sequences in E, then there exist u*,v* G iJ, such that it„ — > 
u*, w„ — ^ w* (n — > cxd) and u* = w*. Write x* = u* = w*. 

It is easy to sec, uq < Un < u* < v„ < vq, for all n = 1, 2, • • • . In addition, S is closed, then 
u* e Wn] n S* C [uo,vo] nS (n = O, l, 2, • • • ). 
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Finally, by the mixed monotone property of A, 

Un-l < A{Un,Vn) < A{x*,X*) < ^(u„,U„) < W„_i. (2-10) 

By taking limit from (2.10) when n oo, we have A{x*,x*) = x*. This means x* is a fixed point 
of A in [uq, vq] n S. □ 

Theorem 2.4. Let P be a normal cone of E, S be a completely ordered closed subset of E with 
So = S\{9} C intP and XS C S, for all A £ [0, 1]. Let uq^vq E So, A : P x P ^ E be a strong 
mixed monotone operator of Meir-Keeler type with A{([6, vq] Cl S) x {[6, vq] Cl S)) C S and satisfies 
the following conditions: 

(/) there exists ro > such that uq > rovo, 
{II) A(uo, uo) < Wo < Wo < ^(wo, Wo), 

(///) for w, u 6 [wo,wo] n S with A{u,v) ^ w <C w, there exists u' £ S such that u < A{u',v) <C 
u' ^ v; similarly, for u, v G [uq, vq] fl 5* with w ^ w ^ A(v, u), there exists v' £ S such hat 
u < u' < A{v' ,u) < V. 

Then, A has at least one fixed point x* 6 [wo, wo] H 5. 

Proof. By the above eondition (III), there exists ui G S such that uq < A{ui,vo) <^ ui <C vq. 
Then, there exists vi £ S such that wi <i; wi <^ A{vi, ui) < vq. Likewise, there exists U2 G S such 
that ui < A{u2,vi) ^ W2 <C wi- Then, there exists V2 £ S such that U2 <^ V2 <^ A{v2,U2) < vi. 
In general, there exists u„ e S such that < A(it„,u„_i) <^ u„ <C Wn-i- Then, there exists 

u„ £ S' such that w„ ^ w„ ^ yl(u„, w„) < w„_i (n = 1, 2, • ■ • ). 

Take r„ = sup{r G (0, 1) ; w„ > rw„}, then < rg < J'l < • • ■ < r„ < r„+i < ■ • ■ < 1, and 
lim r„ = sup{r„ : n = 0, 1, 2, • • ■ } = r* G (0, 1]. Since r„+i > r„ = sup{r G (0, 1) : m„ > ru„}, 
then ii„ ^ rn+iVn- In addition, S* is completely ordered and AS* C S, for all A G [0,1], then 
Un < rn+iVn. Now, One can prove r* = 1. Otherwise, r* G (0, 1). Note that 

Un < A{Un+l,Vn+l) < A{Un+l, (l/r*)u„+i). (2-11) 

Since w„ < r„+iv„ and r„+i < r*, hence, Un < r*Vn- So, if e = r„A((l/r*)u„+i, u„+i), there 
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exists i5 such that 

e < A((l/r*)M„+i, M„+i) < r„A((l/r*)M„+i, M„+i) + S^e + S. (2.12) 
Therefore, by (2.2), (2.12) and w„ < r*Vn, we have 

U„ < A{Un+l,Vn+l) 

< A(ii„+i, (l/r*)ii„+i) 

(2.13) 

= rnA{{l/r*)Un+l,Un+l) 

< rnA{v„+i,Un+l) 

< TnVn- 

Hence, Un < TnVn, which is a contradiction. Thus, r* — 1 and 

\\Vn-Un\\<K{l-rn)\\Vn\\ < ^'^(l - r„) | |«o 1 1 • (2.14) 

This means that, hm u„ — hm Vn- 

n— >oo n— )-oo 

For all n,p > 1, 

\\Vn ~ Vn+p\\ < K\\v„ -Un\\ ^ {n,p oo). (2-15) 

Also, 

\\Un+p - Un\\ < K\\vn - u„\\ {n,p oo). (2-16) 

Hence, and {vn} are Cauchy sequences in E, then there exist u*,v* £ E, such that u„ 

u*, Vn — ?> w* (n — !> cxd) and u* ~ v* . Write x* = u* = w*. 

It is easy to sec, uq < Un < < u„ < vq, for all n = 1,2, ■ • • . In addition S is closed, then 
u* e [u„, w„] n S C [uq, vq] n S (n = O, l, 2, • • • ). 
Finally, by the mixed monotone property of A, 

Un-l < A{Un,Vn) < A{x*,X*) < A(u„,U„) < W„_i. (2-17) 

By taking limit from (2.17), when n oo, we have A{x* , x*) = x* . This means x* is a fixed point 
of ^ in [uo,va] nS. □ 
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Definition 2.5. A function : [0, 1) x P x P x E ^ E is called a C —function, if'i'{t, x, y, 0) ~ 0, 
^'(t, a;, y, s) ^ for s 3> 0, and for all s ^ 0, there exits (5^0 such that ^'(t, x, y, z) < s for all 
s < z < s + S. Also, \E'(t, .T, .T, z) < tz, for all {t, x, x, z) E [0,1) x P x P x E. 

Corollary 2.6. Let P be a normal cone of E, S be a completely ordered closed subset of E with 
Sq = S\{9} C intP and XS C S, for all A G [0, 1]. Let uo,vq £ Sq, A : P x P ^ E satisfies 

A{tx,y) <'if{t,x,y,A{x,ty)), (2.18) 

for each x,y E P and t G [0, 1], where is a C —function, A{{[9,vq] C\ S) x {\9,vq] fl 5)) C S and 
satisfies the following conditions: 

(/) there exists > such that uq > r^vo, 

(//) A{uo, vq) < Wo < Wo < M^o, "o), 

(///) for u,v E [uq,vq\ n S with A{u,v) u v, there exists u' £ S such that u < A{u',v) <C 
u' v; similarly, for u, v G [uo, Vo] H S with m <C w <C A{v, u), there exists v' £ S such hat 
u < u' < A{v\ u) < V. 

Then, A has at least one fixed point x* G [uq, vq] n 5. 

Proof. Let {x,y) G P x P, e > and t G (0, 1). Choose (5 > such that e < A{x,ty) < t + 6. 
Sinee is a function thus 

^{t,x,y,A{x,ty)) <e. (2.19) 

Therefore, by (2.18), A{tx,y) < ^{t,x,y, A{x,ty)) < e. Hence, A satisfies (2.1) and by Theorem 
2.3, A has a fixed point x* . □ 

Corollary 2.7. Let P be a normal cone of E, S be a completely ordered closed subset of E with 
So = S\{9} C intP and XS C S, for all X G [0, 1]. Let uq,vo £ Sq, A : P x P ^ E be a mixed 
monotone operator with A{{[9,vq\ f^ S) x {[9,vo\ fl 5)) C S and A(uo,vq) ^ ito "C wo ^ A{vq,uq). 
Assume, there exists a function (j) : (0,1) x ([wo,wo] C\ S) x [[uq,vq\ H S*) — > (0, +oo) such that 
A{tx,y) < (l){t,x,y)A{x,ty), where < (/){t,x,x) < t, for all {t,x,y) G (0,1) x {[uq,vq] n 5) x 
{[uq, Vq] n S). Suppose 

(/) for u,v G [Mo,'yo] H S with A{u,v) <^ u v, there exists u' G S* such that u < A(u',v) <C 
u' <C v; similarly, for u, v G [uq, vq] fl S with w u <C A(v, u), there exists v' £ S such hat 
u < u' < A{v',u) < V. 
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(//) there exists an element wq € [uq,vo] H S such that (j){t,x,x) < 4>{t,wo,Wo), for all {t,x) G 
(0, 1) X ([mo, vq] n S), and lim (j>{s, wq^wq) < t, for all t e (0, 1). 

s— 

Then, A has at least one fixed point x* 6 [wq, Vq] 5. 

Proof. Set '^{t,x,y,z) — z(f){t,x,y). Then, 4' satisfies all the conditions of Definition 2.5. Thus, 
by Corollary 2.6, the result is obtained. □ 

Corollary 2.8. Let P he a normal cone of E, S be a completely ordered closed subset of E 
with So = 5\{e'} C intP and XS C 5, for all A G [0,1]. Let uq^vq e So, A : P x P ^ E 
be a mixed monotone operator with uq] H S) x {[6,vo] H 5*)) C S and A(uo,Vq) <C uq <C 

vq <^ A{vq,uo). Assume, there exists a function 77 : (0,1) x ([uo,uo] H 5) — > (0, +cxd) such that 
A{tx,x) < ri(t,x)A{x,tx), where < i]{t,x) < t, for all {t,x) G (0,1) x ([ito,uo] nS). Suppose 

(/) for u,v £ [uo,wo] n S with A{u,v) ^ u <C u, there exists u' £ S such that u < A{u',v) <C 
u' <C v; similarly, for u,v £ [uq, vq] D S with m <C w <IC A{v, u), there exists v' £ S such hat 
u < w' < A{v\ u) < V. 

(LL) there exists an element wq G [uq, vq] n S such that r](t, x) < 7]{t, Wq), for all {t, x) G (0, 1) x 
([uo, Vq] n 5), and lim 77(5, Wq) < t, for all t G (0, 1). 

Then, A has at least one fixed point x* G [uq, vq\ fl 5. 

Proof. Set '^{t,x,y,z) — Z7]{t,x). Then, satisfies all conditions of Definition 2.5. Thus, by 
Corollary 2.6, the result is obtained. □ 

Remark 2.9. The following notes are considerable: 

• Corollary 2.6 is a direct result of Theorem 2.3. 

• Corollary 2.7 and Corollary 2.8 are direct results of Corollary 2.6. 

3 M4K property 

In this section, we introduce a new fixed point theorem in the class of multi- valued mixed monotone 
operators. Due to this, the following definition is given. 
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Definition 3.1. A mixed monotone operator T : D x D ^ C{E) is said to be a Mixed Monotone 
Multi-valued operator of Meir-Vieeler type(M.iK. property, for short), if for each e ^ and t G 
(0, 1), there exits (5^0 such that w < e-\- 5, implies there exists z G T{tx, y) such that z < e, for 
all w e T{x, ty) and (x, y) £ D x D. 

Theorem 3.2. Let P he a normal cone of E, S be a completely ordered closed subset of E with 
Sq = S\{0} C intP and XS C S, for all A e [0, 1]. Let uo,vq e Sq, T : P x P ^ C{E) be a mixed 
monotone multi-valued operator of Meir-Keeler type with r(([0,wo] H 5) x ([0, i;o] H S)) C S and 
satisfies the following conditions: 

(I) there exists rg > such that uq > roVQ, 
(II) T{uq, Uq) « uo < Wo < r(uo, tto), 

(III) for u,v Cz [uo,vq] n S with T{u,v) <C u <C w, there exists u' S such that u < T(u' ,v) <C 
u' <C v; similarly, for u,w G [uq, Vq] O S with u <^ v T{v,u), there exists v' £ S such hat 
M < w' < T{v',u) < V. 

Then, T has at least one fixed point x* € [mo,wo] H S. 

Proof. By the above condition (HI), tliere exists ui £ S such that uq < T{ui,vq) <S ui <C vq. 
Then, there exists vi £ S such that ui vi T{vi,ui) < vq- Likewise, there exists U2 £ S such 
that ui < T(u2,vi) <C U2 <C wi- Then, there exists V2 £ S such that U2 <C W2 <C T(v2,U2) < ui- 
In general, there exists u„ G S such that < T(u„,v„_i) <^ Un <C Wn-i- Tlien, there exists 

Vn £ S such that w„ ^ w„ <C T(w„, u„) < Vn-i {n — 1,2,- ■ ■). 

Take r„ = sup{r G (0,1) : it„ > rw„}, thus < < ri < • • • < r„ < r„+i < •■• < 1, and 
hm r„ = sup{r„ : n = 0, 1, 2, • • • } = r* G (0, 1]. Since r„+i > ?-„ = sup{r G (0, 1) : u„ > rw„}, 

n— f oo 

thus Un ^ fn+iVn- In addition, S* is completely ordered and AS" C S, for all A G [0,1], then 
Un < fn+iVn- Now, One can prove r* = 1. Otherwise, r* £ (0, 1). We claim 

T(u„+i,w„+i) < T((l/r*)u„+i,r*D„4.i). (3.20) 

Suppose X £ T{un+i,Vn+i) be arbitrary. We have Un+i < (l/f*)Mn+i- If xi = Un+i, X2 = 
{l/r*)un+i and y = Vn+i, then by {Ai) of Definition 1.5, there exists z £ T{{l/r*)un+i,Vn+i) 
such that X < z. Thus, T(u„+i, ?;„+i) < T((l/7'*)w„+i, ?;„+i). 
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Also, if yi = r*Vn+i, y2 = Vn+i and x = (l/r*)u„+i, then for w G T((l/r*)u„+i, r*'u„+i), there 
exists h G T((l/r*)u„_|.i, w„+i) such that w > h. It means that, 

r((l/r*)u„+i,r*u„+i) > r((l/r*)u„+i,u„+i). (3-21) 

Thus, 

T(u„+i,'(;„+i) < T((l/r*)M„+i,r*z;„+i). (3.22) 

Assume fc„ G r((l/r*)M„+i, r*?;„+i) is arbitrary. So, if e = r„fc„, there exists (5 > such that 
kn < ^nkn + 6. By Definition 3.1, for all 

S G T{r*{{l/r*)Un+l),Vn+l) = r(u„+i, Wn+i), (3.23) 

s < r„fc„. Since w„ < T{un+i,Vn+i) by Definition 1.3, there exists G T(ti„_(.i, v„-|_i) such that 

Un ^ ^n. Also, Iji < t^n^n^ tllUS Uji < f^n^n- 

If we apply the above argument again, we gain kn < Thus, ?i„ < TnVn, which is a contradiction 
by the choice of r„. Therefore, r* = 1 and 

\\vn-Un\\ < /^(l-r„)||«„|| < K\l-r„)\\vo\\, (3.24) 

It means that, lim u„ = lim v„. 

?i— foo n— >cjo 

For all n,p > 1, 

\\vn - Vn+p\\ < K\\v„ - u„|| {n,p -> oo). (3.25) 

Also, 

||u„+p ~Un\\ < K\\vn - Un\\ {n,p oo). (3.26) 

Hence, {u„} and {vn} are Cauchy sequences in E, then there exists u*,v* G E, such that u„ — > 
u*, w„ — !> w* (n — > oo) and u* = u*. Write x* = u* = v* . 

It is easy to see that ii„ < r(u„+i,v„_|_i) < T{x*,x*) < T(u„^_i, u„_|_i) < i>„, for all n = 1,2,.... 
Thus, there exists z„ G T{x*,x*) such that Un < -^n < Vn- By normality of P and taking limit 
from both sides of (3.24), 

\\zn-un\\ <K{l-rn)\\vn\\ < (1 " r„) | |wo 1 1 ^ 0. (3.27) 
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So Zn ^ X* . Since T has closed values, then x* G T(x*, a;*) and a;* £ [u„,w„]n5c [uQ,vo]riS. □ 

Remark 3.3. In Theorem 3.2, set T{x, y) = j/)}, where A is a mixed monotone single-valued 

operator, then Theorem 2.3 is concluded. 
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